Motivated by the gauge theory of gravity with local scaling symmetry proposed recently in [1, 2], we investigate whether the scalar field therein can be responsible for the inflation. We show that the classical theory would suffer from the difficulty that inflation can start but will never stop.
I. INTRODUCTION
Inflation has been one of the popular paradigms to solve several notable problems in cosmology since 1980s. It provides a basic framework to explain the origins of initial conditions in standard big-bang theory. In the inflationary epoch, a scalar field is usually dominating the energy density of the universe and results in an exponential expansion of the background spacetime. Quantum fluctuation of this scalar field is responsible for the primordial inhomogeneity and anisotropy that will lead to our observed cosmos.
Motivated by the gauge theory of gravity with local scaling symmetry proposed recently in [1, 2] , we investigate whether the scalar field therein can be responsible for the inflation.
In Refs. [1, 2] , a general hyperunified field theory of gravity is constructed, incorporating the spin gauge group and local scaling symmetry. To make the theory scaling invariant, a fundamental real scalar field φ and its corresponding Weyl gauge field W µ have to be Induced gravity can be generally referred as theories where the Planck scale is generated by other fields [3, 4] . In the literature, global scaling symmetry has been used in building inflation models (see [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] for examples), aiming to introduce no dimensional parameters or explain the heirarchies between different energy scales. As we shall see, whether the scaling symmetry is global or local actually has some important differences. In the presence of a local symmetry, not only a Weyl gauge field has to be accompanying, but also some new term concerning the scalar field appears. Furthermore, the local scaling symmetry indicates the existence of a fundamental energy scale [1, 2] . This paper is arganized as follows. In Sec. II we discuss the theoretical formalism briefly and illustrate how the classical scaling invariant theory would not be able to give viable inflation. Then in Sec. III we show how quantum effects can break the scaling symmetry and induce an effective potential so as to provide viable inflation models. The numerical investigation is presented in Sec. IV, with Fig. 3 as the main numeric result. Finally, we give our conclusion.
II. FORMALISM
The full theory and its formalism has been presented in detail in Ref. [1, 2] , where the gauge-gravity and gravity-geometry correspondences are explicitly demonstrated to obtain the conformal scaling gauge invariant Einstein-Hilbert action for gravitational interaction with a fundamental scalar field 1 . For our interest in inflation, we may study the most relevant action with the traditional metric tensor g µν = χ a µ χ b ν η ab . The action can be written as follows
where g ≡ det (g µν ), α and β are constant parameters that will be decided by observations, and covariant derivative D µ for real scalar field φ is given by
there is no factor i in front of g W , different from usual U (1) theory), g W is a coupling associated with Weyl gauge field W µ . Note that the action is just a subset of the whole action which should include other matter fields (such as fields in standard model) whose effects will be discussed shortly.
We can also explicitly add a term δL that does not share the same symmetries as other terms. As we will show later, δL is actually crucial to realize a realistic inflation. The above theory has no intrinsic energy scale in the Lagrangian except in δL. As long as the dimensional parameters in δL are much smaller than the relevant physical scale, such a theory has the classical scaling symmetry which will be broken by quantum effects. We shall discuss more about this point in Sec. III.
At the moment, let us first ignore δL and focus on the other parts. Each term in the the rest of the action is invariant under local conformal scaling symmetry or Weyl symmetry with a positive function λ (x):
If the above symmetry is exact or when we only consider the classical dynamics, we can easily see that for any generic g (x) and φ (x) it is possible to make a local transformation, by choosing a proper λ (x), to have either √ −ḡ = 1 orφ (x) = const, but not simultaneously 2 .
If the symmetry was global, W µ would be absent. Also the second term in parenthesis with negative sign −6∂ µ φ∂ µ φ is dropped as in Refs. [6] [7] [8] [9] [10] .
Before discussing the theory in Eq. 2.1, we shall warm up with the following action
which still preserves the local conformal symmetry
At first glance, the above theory seems to add a scalar degree of freedom (dof) to Einstein's general theory of gravity and mimics the scalar-tensor theory. However, if we make a redefinition of metric fieldḡ
where
is the Planck scale. We can rewrite the action with the new field variables
We have used the relation
The second term in the square bracket will eventually lead to a total derivative and vanishes on the surface, and the third term cancels with the derivatives of φ. After substituting Ω,
we can obtain
This is exactly the Einstein-Hilbert action with a cosmological constant Λ = β 4! M 4 p 4α 2 that leads an exponential expansion of Universe for β > 0. This also shows that total number 2 Note that |ḡ| = 1 does not always mean flat geometry. According to Weyl-Schoutem theorem, a Riemannian manifold with dimension n ≥ 4 is conformally flat if and only if the Weyl tensor vanishes.
Nevertheless, for our interest in inflation, we will always focus on the case where the metric is conformally flat, g µν = a 2 (x) η µν , where a (x) is the scale factor.
of physical dofs does not differ from Einstein's gravity. Extending the discussion into the framework of quantum field theory does not change the above conclusions since the number of dofs does not change from classical to quantum theories. This conclusion is also true even if we break the local scaling symmetry by adding to the potential with terms that depend on φ only but not on its derivatives. Adding symmetry-breaking derivative terms would make significant different, as we shall show shortly.
We can get the same result in a different way by choosing
which effectively chooses a frame φ (x) = M p / √ 2α. An interesting observation is that if we
is the scale factor in Friedmann-Walker metric), in such a case we would have the action in a flat spacetime,
The equation of motion forφ is
which has a non-trivial solution
Here C is an arbitrary constant that should be determined by initial conditions, k is a constant four-vector and M is an arbitrary energy scale due to the scaling invariance of this equation. When we consider homogeneous and isotropic configuration, we haveφ (x) = M/ (C ± x 0 k 0 ) which has the same forms as the solutions for exponential expansion or contraction of the Universe. The above discussions show how equivalent results can be obtained in two different frames. In the following, we shall mainly focus on the former or Einstein frame, which has the advantages when comparing with experiments since essentially all physical observables are extracted in Einstein frame.
Now we are in the position to discuss the Lagrangian with Weyl gauge field, again ignoring δL at the moment, can occur but will never stop. To see it explicitly, let us work in the Einstein frame with
Rewriting the second term as
. Now if we redefine the new gauge field
we will get an action without kinetic term for σ,
14)
The theory now becomes Einstein's gravity with a cosmological constant and a massive vector field W µ . When W µ plays no role in inflation, this theory will have the same difficulty that inflation can start but will not stop. If W µ plays the role as inflaton [17] , it will suffer instability and turns out to be pathological [18] .
It should be clear by now that the above theories with exact local scaling symmetry would not be able to give realistic inflation models that lead to our present universe. In next section we shall discuss how possible terms might arise in δL can break the local conformal symmetry and lead to viable inflation models.
III. BREAKING OF SCALING INVARIANCE BY QUANTUM EFFECTS
In this section, we mainly discuss one way to break the scaling symmetry by quantum effects and more options will be briefly outlined in the end of this section. Let us take a step back and work in a familiar and well-understood background, the flat spacetime, the action of Eq. 2.11 is reduced to
Strictly speaking, the subscript a, b = 0, 1, 2, 3 should be interpreted as the index in the local flat frame, within the standard formalism of differential geometry. For our purpose here, without confusion we will use them as same as greek index.
When quantum corrections are taken into account, something interesting arise from diagrams in Fig. 1 , which would contribute to the effective potential U (φ) for φ. All of these diagrams are UV divergent, so as standard in quantum field theories, proper counterterms have to be introduced to cancel the divergences. The finite leftover of these cancellations can be determined by renormalization conditions, which equivalently fix the physical input parameters at the renormalization scale v. In general, we can write down the finite effective potential U (φ) as
where A, B and C are dimensionless functions of φ 2 /v 2 , whose values are determined by renormalization conditions. For example, in Coleman-Weinberg mechanism [19] , in order to have dimensional transmutation from radiative symmetry breaking, the following conditions are imposed
which lead A = 0, B = 0 and C ∝ ln φ
Since our motivation is different from that in Coleman-Weinberg mechanism, we have freedoms in choosing the renormalization conditions for phenomenological studies. Nevertheless, in all cases, it is evidently that introduction of v explicitly breaks the scaling symmetry, which can have significant effects on constructing viable inflation models. Actually, inflation in the original Coleman-Weinberg potential is known to be inconsistent with current observations, which requires modification [20] to fit the data.
We give some alternative ways to break scaling symmetry that requires some extra fields.
The first one is to introduce a new Yukawa interaction between φ and some strongly interacting sector, a fermion Ψ with non-Abelian gauge interactions, for instance. Then, terms like φΨΨ will induce a linear potential for φ when the confinement happens, Ψ Ψ = 0.
Appearance of linear term φ can explicitly break the scaling symmetry. Similar mechanism has been used in [21, 22] to resolve the heirarchy problem in standard model. On the other hand, when the Yukawa interaction becomes strong with a large Yukawa coupling constant, it can also induce a significant quadratic potential term for φ to cause a dynamical symmetry breaking [2, 23] . The second possibility is achieved through an interaction with a new complex scalar field, S, with its own gauge interaction. The gauge symmetry can be radiatively broken through Coleman-Weinberg mechanism, then terms like φ 2 S † S might trigger the breaking of scaling symmetry in the φ sector. Models with multiple scalar fields are also discussed in Ref. [24, 25] .
IV. INFLATION WITH INDUCED LOCAL SCALING SYMMETRY BREAKING
At this moment, we have all the ingredients to present a realistic inflation model. We use the effective potential U (φ) and keep δL in Eq. (2.5)
δL will include terms such that redefinition of fields does not make φ undynamical. Therefore, φ might be responsible for the inflation. A physical condition for the effective potential U (φ) is that U 0 at the minimum (or not greater than present dark energy's energy density). For simplicity, at leading order we shall take
We shall keep in mind that numerical value forβ here could be different from previous β sinceβ is an effective renormalized quantity and runs with renormalization scale. So, even if we start with β = 0 at some scale, quantum corrections will still induce non-vanishingβ.
This type of potential can be achieved through the following renormalization condition after expanding at v,
Technically speaking, there are logarithmic terms which indicate theoretical parameter's scale-dependence or the RG effects which are usually small for perturbative couplings. As long as φ is dominating the energy density in the inflationary epoch, we can neglect W µ 's contribution and work with the following action,
As already pointed out, this theory does not have the local conformal scaling symmetry due to the presence of v. We can still make the same redefinition of the metric field,
, and transform into the Einstein frame,
The theory becomes Einstein's gravity plus a scalar field σ with potential
It is now clear why we need to both introduce the kinetic term and modify the potential.
Without the kinetic term, the scalar is not dynamical but just an auxiliary field. While if v = 0, the scalar σ is massless with a flat constant potential and there will be no way to stop once inflation starts. We may also compare the above potential with the one in
, which has no free parameter and is less flexible than our model. Predictions of the physical parameters will also be different, as we shall show soon. We have also checked that the inflation potential in this model, Eq. 4.6, has not been collected in Encyclopedia Inflationaris [26] . Meanwhile, we note that the model with global scale invariance (without 6∂ µ φ∂ µ φ in the action) would have the following potential that can be computed in similar spirit,
(4.7)
It goes into Eq. 4.6 only in the limit of 12α 1. The shape of the potential F (σ) in Eq. 4.6 is shown in the Fig. 2 for α = 0.5(solid) and
, and an overall factor has been normalized to 1 since the shape has no dependence on it, i.e.,
The minimum of the potential is reached at
The physical mass of σ around σ 0 is given by
Now we can use the standard slow-roll inflation formalism. The slow-roll parameters are calculated as
11)
where we has used φ = M p exp √ 2α Mp σ . As long as the slow-roll conditions 1 and |η| 1 are satisfied, the Universe is undergoing a quasi-exponential expansion. When slowroll conditions are violated, the Universe will exit from inflation. Then the inflaton σ will oscillate around the minimum and decay into other light particles to reheat the Universe.
These parameters are related with physical observables, scalar spectral index for the scalar power spectrum 13) and tensor-to-scalar ratio r = 16 . Both are constrained by the recent Planck results [27] , n s = 0.968 ± 0.006 and r 0.12. The running of scalar spectral index is small and given by at second-order, 14) where k is the wave-number. Current observation gives dn s /d ln k = −0.003±0.007 [27] , consistent with zero. The overall amplitudes of scalar and tensor power spectrum are expressed 15) where the pivot wave-number k is usually taken at k = 0.05Mpc
as measured in Planck [27] . Also, the e-folding number N , 16) should be comparable to ∼ 60 in order to solve the flatness problem.
Although inflation could happen at both regions φ < v or φ > v, cosmological observations has selected the regime φ > v. This can be easily seen from the slow-roll parameter η 2 for φ v, which leads n s = 1 − 2 or n s = 1 − r/8. Since Planck gives limit r 0.12, it would give n s 0.985 in this region, disfavored by the observation limit n s = 0.968±0.006.
So only φ > v might be able to give viable models. In such a case, slow-roll conditions are respected as long as
We numerically compute the corresponding scalar spectral index and tensor-to-scalar From the amplitude of scalar power spectrum, we can estimate the quartic coupling in the effective potentialβ ∼ 1.2α×10 −9 , which is typical in inflationary models since it is basically the inferred primordial density fluctuation ∼ 10 −5 that determines the overall height of the potential, see Eq. 4.15 for the exact relation. In a sense, there is only one free parameter in this inflation model, α, since others are entirely determined by current observations.
V. CONCLUSION
Motivated by the gauge theory of gravity with local conformal scaling symmetry proposed recently by one of the authors, Wu [1, 2] , we have investigated the possible inflationary dynamics of the scalar field therein. We have shown that the classical theory would not be able to give viable inflation due to the local scaling invariance which dictates an eternal exponential expansion. However, once quantum effects are taken into account, the effective potential can have phenomenologically interesting forms that lead to viable inflation models.
Main of our numerical results are illustrated in Fig. 3 , which shows that the theoretical predictions of spectral index and scalar-to-tensor ratio in this modela agree with current observations within 1-σ. These parameter space will also be partially probed by future cosmological experiments, such as those searching for primordial gravitational waves. 
